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We consider the general doubly-periodic problem of thie theory of elasticity

for an isotropic medium when within the limits of the period-parallelogram

we have a group of nonintersecting arbitrary holes, The problem reduces to a
Fredholm integral equation of the second kind whose solvability will be proved,
We consider also the problem of reduction for an anisotropic doubly-periodic
lattice,

One of the doubly-periodic problems has been studied for the first time in
[1]. Various classes of doubly~-periodic problems in the extension and bending
of lattices have been considered in [2], Doubly-periodic problems when within
the limits of the period-parallelogram there exists one hole of a general form
are studied in [3, 4]. A lattice with groups of congruent circular holes has been
studied in [5]. The solution of a series of doubly-periodic problems for physi-
cally nonlinear and also for anisotropic media have been given in [6—8], The
elasto-plastic problem for a regular isotropic lattice with circular holes has
been studied in [9], The general doubly-periodic problem for anisotropic me-
dia has been studied in [10], while the general formulation of the reduction
problem for lattices is given in [11],

1, letw,and @y (Imow; = 0, Im (@y/ ®,) > 0) be the fundamental periods of
the lattice, We will assume that within the limits of each period-parallelogram there
exists a group of % nonintersecting holes of general form and that these greups are con-
gruent with each other,

Let Ly ( =0, 1, ..., k—1) be the contour of the Jth hole in the fundamental
period parallelogram, lo = U L,,’, L = Ul,,,. We denote by L) the domain occu-
pied by the lattice, the boundary of the domain is the totality of all L. i.e.L. we

assume that Lo’ (j = 0,1, ..., k— 1) isa

/ o I
O Lgy O / simple, smooth, closed contour. The finite con-
/ <O tinuum bounded by the curve Lj, is denoted by

O/0 [f% O//O D}, (Fig. 1),

R VE By the first fundamental doubly-periodic prob-
“go O y S, L lem for the described lattice we understand the
boundary value problem regarding the determi-

O /O L;a O/0 nation of the stresses in ), when the same load

T T T 7 T~ T~ ™ acts on each of the congruent contours while

within the limits of the period-parallelogram
Fig, 1 we have the mean stresses S, S, and S, (Fig.1).
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The mean stresses on the areas perpendicular to the coordinate axes are expressed in
terms of §,, §,and S,,with the aid of the relations

6;8ina = 8,4+ 25 ;c050 - Sycos?a, T = S;p+ Spcosa,6, = Sysina (1.1}

The principal vector of the external loads on Ly, (7=0,1, ...,k — 1) is taken to
be equal to zero, Under these conditions the distribution of the stresses in the lattice
has a doubly-periodic character,

It is convenient to represent the Kolosov-Muskhelishvili functions ¢ (z) and P (2),
which describe the states of stress and strain in the lattice, in such a way that they should
reflect the doubly-periodic character of the problem, This can be suitably done by a
modification of the known integral representations given in [12],

By assumption @ (2) and Z¢’ (2) -~ vy (z) must be quasi-periodic functions, There-

fore we can write for ¢ (2) -

1
0@ = o= L oMLt —2) — L+ Dbt —z)+4z  (1.2)
loo j=0

Here { (2) is the Weierstrass zeta function, o (¢) is the desired density, z; & Dy’
(z, = 0), the constants b; are some functionals which will be given below, In (1,2) the
integral term represents a quasi-periodic function, Integrals of this type have been stu-
died in [13, 14], A systematic investigation of the theory of integrals of the Cauchy
type with automorphic kernels is contained in [15],

The structure of the function 1 (z) is more complicated and for its construction we
need, besides the integrals with kernels of the type of Weierstrass’ zeta functions, some
special integrals with regular kernels, We introduce the function [11]

P 0y £ _ T} = mw; + no, 1.3
pl(Z)ZZIK_(?:T)E—“Z s Py P = moy; + no, (1.3)
mn
This meromorphic function satisfies the following relations at the congruent points:

01{(z o) —0 (2} =w0(z) + 714 (1.4)
01(z + 02) — 01 (2) = 00 (2) + 72

Here p (z) is the Weierstrass elliptic function while ¥y and Vo are known constants [117],
We write down the representation for the function 1 (z) which satisfies the required

conditions 1 R _
P =g @@+ o ) 5 —2) — L) -
" k—1
— % o) [tp(t—2) —pr (¢ — 2 dt + D b1 —2) +oule— )1+ Bz
e =0 (1.5)

The constants b;,which occur in the representations (1, 2) and (1, 5) are determined in

the same way as in [12], except for an unessential change in the formulas
1 .y N .
b;:mg (@) dt—o@)dt}), =01, k_1 (1.6)
Lo}
The representations (1, 2), (1, 5) guarantee the quasi-periodicity of the functions ¢ (z)
and Z¢’ (z) + ¢ (2). Indeed, from (1, 2), taking into account the quasi-periodicity of
the Weierstrass zeta function, we obtain
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Pz + o) — @)= Ao, +bd, v=1,2 (1.7
b=-2% S {0 (t) dt — @ () dt — o () dt}, 5v=2é(%)
%

Then, by virtue of the periodicity of ¢’ (2), we have
0 @)+ @1 = 09 (@) + ¥z + o) — b () (1.8)

Substituting into (1, 8) the functions ¢, @' and ¢ from (1, 2) and (1, 5) and taking into
account relation (1. 4), we find

- 24w —_
(29" (2) + ¥ (2)1], * = 4o, + Bo, —abd, +-by,, v=1,2
1 ¢ —=
o=\ GO (1.9)
loo
Formulas (1, 7) and (1. 9) prove the stated assertion,
We consider now the static conditions from which it is necessary to determine the

constants 4 and B which occur in (1,2) and (1,5), We introduce the function

g(2) =0 () +2¢' (2) + ¥ (2) (1.10)

The principal vector of the forces acting along the arbitrary arc 4 B within the limits
of the period-parallelogram, is given by the relation [16]

X +iV = —ig(d)], (1.11)
We have, taking into account (1,1) and (1,10), the static conditions
g(z + ) — g(2) = i (Sy + Sae) | s (1.12)
gz + @) —g(z) = — (S + 5:6%) 0,

Computing the increment of the function g (2) in the congruent points, we arrive, by
virtue of (1,7) and (1, 9) to the following equations relative to the constants A and B:

(A + Ao, + Boy + 8,0 + Tib — ‘1__812 — 0y (S1p + Sp6™)
(A + A) 0y + Boy+ 83b 4 Y3b— aby=i] g | (S +_Sl2e“) (1.13)
(8,0 — 8,0, = 27i, Y29y — Y105 = 8,05 — dy ]

The relations (1, 13) contain four real equations relative to three unknown constants
Re A, Re B and Im B. Multiplying the first of Egs, (1.13) by ®; and the second one
by ®, and subtracting them one from the other, we obtain, by taking into account the
relations [11] given between the square brackets in (1,13), the expression for the con-

tant
stant B . i . (1.14)
— T 2n Tt 1 1 . ;
B2y ERep <r _ J‘> Rea — 5 (S + 25,07 + Spet2ia)
Here § == @, Im @, is the area of the period-parallelogram, Similarly, multiplying
the first of Eqs. (1.13) by @3, and the second one by @, and subtracting them one from

the other, we find
1 1 .
Red = — —Re(bd,) + TReb+ 5o Rea -+ —— (S, + 28,008 2 4 S,) (1.15)

The compatibility condition of the equalities (1,13) is the relation
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Ima =20 (1.16)
By virtue of (1, 9) the condition (1, 16) takes the form
elo@a=0 (1.17)

100

Thus, under the condition (1,17), the representations (1, 2) and (1, 5), with the constants
Re A and B defined by the formulas (1, 4) and (1.15), ensure the presence in the lat-
tice of the given mean stresses S|, S, and §,, and, consequently, they guarantee the
vanishing of the principal vector and the principal moment of all forces acting along
the boundary of the period-parallelogram, Obviously, the quantity Im A remains arbi-
trary,

2, The boundary condition of the first fundamental problem has the form [16]

PO+ 10 @)+ YO =F() + Cny  j=0,1,...,k—1 (2.1)
f(t) = ”S (Xn + lYn)dS; ann = COO + Com +Dony m, ’1’:01 + 1’t1---
to

where X5, Y are the components of the load given on Iy, , ¢ & I,,. Following [12],
we define the constant Cj, by the formula

Coi = — § o()ds (2.2)
Lod
Passing to the limiting values in (1. 2), (1, 5) by making use of the Sokhotski-Plemelj
formulas and substituting them into the boundary condition (2,1), we obtain after some
transformations a Frednolm integralequation of the second kind relative to the density

o .
09 +75 { 0|0
loo

*(f*to)C(t—to)}wLM{m(), to} = F* ()

k—1

M{o(t),t) =5 § 0BTt + 3 b512Relto—23) +

J=0

s(t—to)o(?)
— to) 5 (2)

} T3 S o (t)d {5 (t —to) — (2.3)

loo

+ il —2) — top (la— 2)] + ta [ 5 Reb— - Re(bd) + 5 Rea| +
+t0[ nb__Reb~(-g-—£_l‘)] Col

(S, + 28pcosa + 83) + 52— Zsm 5 (S;-1285¢ 1 4- Spet2ia)

F* (tg) = f (to) —

ZSm o

where O (z) is the Weierstrass sigma function and {, (z) is determined by the relations

L' (2) = — 0. (2), L(0)=0 (2.4)
Thus, the problem reduces to the solving of Eq, (2.3) under the additional condition
(1.16). We can eliminate the additional condition by adding the expression ity Im a/S
to the left-hand side of Eq, (2. 3). Then every solution of the obtained modified equa-
tion will be also the solution of Eq, (2. 3), satisfying (1, 16), provided that the principal
moment of the forces given on /,, is equal to zero, Indeed, replacing in (2, 3) the term
M {® (%), t,} by the expression M { @ (£), to}+ mit, Im @/, multiplying the equation
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thus obtained by d¢, and integrating it along the contour ly,, we obtain, interchanging
if necessary, the order of integration,

2i Tm |71 (@t (o ()@(t—to)dt—éﬂde-EbJﬂc(t—z»cﬁ}Jr
00 loo Loo =0 g,
. oy =\ ¢ - _ 73 .
- <21, Red — % Ima) ) é’ (ydz — z dy) z.,So fF(tydi (2.5)

Since
{waz—zay)+0
oo
and since all the expressions in (2, 5), except the term containing Im @, are pure ima-
ginary quantities, we arrive at the required resuit,

3, Let us prove that the integral equation

1 s(t—t)s(?) L
o (to) + i lS m(t)d{lnmc(t)} oni (' {‘:1 (t—to) —

—0—40R7?5%+MUM%%%+jyﬁmﬁ=FNM (3.9)

is always solvable, To this end, we consider the homogeneous integral equation corre-
sponding to Eq. (3,1) for F* () = 0. Obviously, for F* (t) = 0 it is necessary and suf-
ficient that we have the conditions

Sy = 8= 8 =0, f®=0

Thus, the homogeneous integral equation corresponds to the first fundamental problem
of the theory of elasticity in the case of a zero external load,

We denote the solution of the homogeneous integral equation by w, (). All function-
als and functions which correspond to this solution will be assigned a zero as an upper
or a lower index,

We have, according to (1. 2) and (1, 5)

k—1
‘Po(z)———,-g 0o (1) 5 (¢ —2) =L O] dt + D) 5% (2 —z) + Az

00 j=0

Yo (2) = %m\ @0 dt + 00 () [£ (t —2) — T ()] — (3:2)

- k—1

—2—jt7§ o0 () [fp(t —2) —pr (t—2)] dt + D) bL[L(z—2) +p; (z —2;)] + Bz

loo j=0
The boundary condition for the functions @g (z; and Y, (z) acquires, according to (2,1),
the form @ () + 190 () + 9o () = B! (33)

Bi=— \ oothyds, i=0,1,... k—1
Lot

Consequently, @, (z) and ¥, (z) describing the first fundamental problem for zero exter-
nal forces, can be represented in the form
Qo lz) = iez+¢, Yo(&)=—4d (3.4)
In addition
Bf=c¢—d, j=01,..., k—1 (3.5)
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Comparing the corresponding increments of the functions from (3,2) and (3, 4) at con~
gruent points, we arrive at the equalities

. 1 —_— 1 — —
A(}:lﬁ, Bowo, Qp = ?‘[TS m(.(t)dt:(), b0=’2';“l"g {(l)odt—-ﬁ)odt*—(l)ndt}:o (3.6)

Lo fon

By virtue of (3, 8),{3.4) and (3,2} we can write

k1
?Jl?i—s m"(t)[g(t“‘"z)‘C(‘)]dt+u§abj0€(z“"j)—~c=0, s D
i p— —
—-Q-T{TR (e (Y dt (I —z) — (D] — 3.7
N k—1
"E:‘;S @ (@) [fp (t—2) =P (E—D]dt 4 D 5L (S —2) +p 5 —z)] +d =0
fo =

Integrating by parts in the second of the relations (3, 7) and taking into account Cauchy’s
formula for each quasi-periodic function F(z) with given cyclic weights o, and oy [14]

1
F@ay= g—uag FOE(—a—C@]dt— 72%;- (182 — caby) (3.8

loa

we can represent relations (3, 7) in the form

i

k—1
Lm(z)=§3§§ [%(n + 0% (s*z,-)-»c] [§¢t—2) =L @®)]dt=

20 j=0
g, ze=D
=1 1 ; (3.9)
0 (2), zE€Dw
(Y
R T\ [ —ior 0+ 3 biLe—z) FelLt—a —t @1+
i 2 T =0
0, 2D
-] . (3.10)
+Q@) { L@, 2D, =01, k1
Here ) 1
Q(z) = WS @ (1) o1 {t — 2) dt + 2 bjopl (z—z) (3.11)
oo Fa=)
1 Q - -
£z — Ei_., twg (}p () dt -+ d
I
Evaluating the difference of the limiting values of the integral in (3, 9), we find
k—1
ID(1) = iy (1) = 0o () + N (t—z) —¢ (3.12)

jo=0
It follows from here that the expression in the right-hand side of (3,12) is the boundary
value of the functions ip,(2) ,regular in the domains Do (j = O, 4,00c, &k — 1),
If we substitute the expression for @, () from (3.12) into the formula for Q (z) from
{3,11), we obtain ¢ (z) = 0. In this case we have
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k—1
PY(2) = i (t) = 0o () — two’ (1) + D) bL (1 —2;) +e (3.13)
j=0
i, e, the right-hand side of the formula (3, 13) is the boundary value of the functions
i, (z) ,regular in Do? (j = 0,1,..., k — 1), Eliminating, as vsual, , (¢) from (3,12) and
(3.13), we arrive at a functional relation on iy,
k—1
P (194" () + ¥ ) =8 D0 TCE—2) =L —z) +tp(t—2)] —i(c+e) (3.14)
j=0
We multiply (3,14) by 4¢ and we integrate along each of the contours Le™, (m = 0,1, ...
k—1). Taking into account that 4+, () is the boundary value of the function v, (z)
regular in Doo™ , we obtain

k—1
\ @@ — 0, 0@ = — 20, +5 N b9 \ TT=5 ar+te—za
o =g
From here we obtain the equalities
bm =0, m=01,.,%k—1 (3.15)
Condition (3, 14) acquires the form
Ty D410, (1) + Ve () =—i(e+0) (3.16)
Consequently, the functions ¢, (z) and P, (z) solve the first fundamental problem of
the theory of elasticity for the domains D! (j=0,,..., k— 1) for a zero external load,
We have @y (@) =itz ¢ Vo @=—d;, j=01,..,k—1 347

The constants c¢;, d; and e - ¢ are connected by the relation g—dj—if(cte)= 0.
Expressing w, (f) from (3,12) and (3.17), we obtain

W, () = tej — ¢ — ic; (3.18)
Substituting w, (t) from (3,18) into the equality (3,15) and (1, 6), we have
g; =0, i=01,..,k—1 (3.19)
From the formulas (3, 9),(3.10),(3,15),(3,18) and (3,19) we obtain the equalities
¢=4dj=0, e+e¢=0, j=01,.,%k—1 (3.20)

Finally, using (3. 5), (3.18),(3.20) and the fact that the constants By/ in (3, 3) are inde-
pendent of the index /, we obtain ¢ = d = 0. Thus @, (¢) = 0 and the integral equa-
tion (3,1) has a unique solution,

4, We proceed now to the solving of the reduction problem for the generalized lattice
under consideration, The meaning of this problem consists in the determination of the
macroscopic elastic parameters of the lattice from the condition that the rigidity of the
lattice under extension should coincide with the rigidity of some continuous anisotropic
medium, According to the general formulation of the problems of this kind [11], it is
necessary to identify the corresponding increments of the displacements in the congruent
peints of the lattice and in the continuous anisotropic medium,

Below we will consider only lattices which are symmetric with respect to the coordi-
nate axes, The fundamental periods are taken in the form

wp, = iH, Rew; =0 Imo;, =0 (a=n/2) (4.1)
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We introduce the notation
h(2) = 26 (u + iv) = %9 (2) — 29’ (z) — D (2) (4.2)

where u and v are the components of the displacement vector in the lattice and G is
the shear modulus of the material of the lattice,
On the basis of formulas (1, 7) and (1, 8) we find the increments A (z) in the congru-

CMEPOINE ) — (4 1) (A0y - bdy) + (iT — 6y) 0y (4.3)

Qy = (% + 1) (Ao, + bdy) — i (0 sin @ — Te~i* — isy cos a) | w, |
Equating the increments (4, 3) with the corresponding increments of the function £ (z)
in the continuous orthotropic medium for the same mean stresses @;, @ and T =0,
we obtain a system of relations for the determination of the macroscopic elastic para-
meters B ¥, E* p.¥, u*

E — Ri*s3
(x+ 1) (Aoy + bdy) — 0,0, = t+u > EEL* = o (4.4)
, E 61— Pr*s; | . O3 — M2¥*sy
(x + 1) (doy + bg) — i5y | 0 | = ‘l—HJ«( . 1o 2 Rew, + i——5— 7K Im‘ﬂz)

According to (1,14) and (4,1), we can write

Awy + bdy = <P1*+m) 0y, A"Jr».*i‘béz: (Pz* + 6144-62> ©3

p* =

Introducing the notations

01* = pud1 T 01202 P2* = P210; + 02202
and noting that the rigidity of the lattice does not depend on the mean stresses 0;, G5,
we obtain from (4,4)

Ey*
EY e, = (o
Epr* El""l

T = b — 40, T = H—40n

The solvability condition of the problem of the reduction of a symmetric lattice to
an equivalent medium is the equality Py» = P2;- In a similar way we can determine
the macroscopic modulus of the second kind G*,
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